Abstract. We present a numerical tool which aims at investigating the rheology of dense suspensions of entities such as spheres, red blood cells, polymer chains, or any kind of rigid or deformable bodies, in a viscous fluid. We shall pay a special attention to the short-range interactions between those entities (contact forces, lubrication forces). As for the fluid itself, our strategy consists in avoiding the direct and costly solution of the Stokes equations by integrating only the interaction forces which are likely to play a significant role in the overall behaviour of the suspension, in the spirit of Stokesian Dynamics. We present some preliminary results for suspensions of spheres, Red Blood Cells, and polymer-like chains.
1. Introduction
On the determination of the behaviour of dilute and dense suspensions
Theoretical approaches aiming at describing the behaviour of suspensions of deformable or rigid bodies have been limited for a long time to dilute suspensions. This approach has begun with the seminal work of Einstein [17, 18] in 1906 and 1911 on the effective viscosity of a dilute suspension of rigid spheres and, since then, it has been completed by numerous works (Batchelor [3, 4] , Brenner [9] , Jeffrey & Acrivos [32] , Russel [44] , Davis & Acrivos [14] ) related to the framework of dilute suspensions. From the prediction point of view, most of these works deal with weak solid concentrations in which pairwise interactions lead the behaviour of the suspensions.
When dealing with dense suspensions, a new approach is required. It deals with two major challenging difficulties:
− the determination of multi-body (hydrodynamic) interactions between the particles, − the determination of the time-space distribution of the entities.
The determination of multi-body (hydrodynamic) interactions between the particles is a complex procedure. Although very complex, analytical results on hydrodynamic interactions were given by Mazur & van Saarloos [42, 45] , in some specific geometrical situations. These computations do not apply to the general setting of a suspension (in which the geometrical configuration is not known a priori and evolves in time) but they provide some understanding on the importance of three-body (and generally multi-body) effects, as shown by Beenakker & Mazur [6] , Beenakker [5] . However the determination of these interactions reveals two types of difficulties:
− in the case of dense suspensions (with high solid concentrations), lubrication forces play a leading role in the dynamics of the macroscopic structure. These forces are due to the presence of a thin layer of viscous fluid between two entities at quasi-contact. One of the major effects of the lubrication relies on the fact that the relative motion between two entities tends to zero as their distance tends to zero. − long-range interactions have to be taken into account in suspensions. Indeed, a particle immerged in a Stokes flow leads to a perturbation of the velocity field (in the fluid) that decreases in 1/r, where r denotes the separation between the particle and the current position considered in the fluid. These farfield interactions have to be considered in dilute or dense suspensions as resulting of all the perturbations of the velocity field due to the presence of numerous entities evolving in the fluid. It also highlights the importance of the multi-body effects in the interactions.
The determination of the time-space distribution of the entities plays a key-role in the identification of macroscopic properties of the suspensions. In suspensions, the microstructure cannot be specified a priori but has to be considered as an unknown part of the problem: the entities evolve in the fluid, submitted to not only non-hydrodynamic forces (which can be modelled very easily, in most of the cases) but also hydrodynamic forces (which may be very difficult to identify, as mentioned before). In particular, we focus on regimes which are far from equilibrium so that there is no simple procedure which can predict the microstructure, even in some simple configurations.
On the direct simulation of suspensions
Several strategies have been proposed in the last two decades to simulate the motion of rigid bodies in a viscous fluid. A first class of methods relies on methods with a mesh in the fluid domain, by computing the flow in the fluid domain (which is complex because of the inclusions). Then, it is possible to compute the forces exerted on the particles and, as a consequence, the velocity perturbations. The position is deduced from this procedure and the mesh has to be redefined in the new fluid domain, by using several techniques such as a ALE-type mesh displacement, before renewing the procedure for the next time step (see e.g. [29, 34, 41] ). The conforming character of the mesh ensures a good accuracy in space; in particular hydrodynamic forces, on which lies the fluid particle coupling, are estimated in a proper way. But it presents some drawback in terms of computational cost: the unstructured character of the mesh rules out the possibility to use standard fast solvers, and the problem of dynamic mesh generation can become delicate and costly, especially in the three-dimensional setting.
Another possibility for avoiding the above difficulties relies on the use of a mesh which covers the whole domain. Fictitious domain methods allow us to overcome the problems related to the complex geometry by using Cartesian grids in the whole domain. The presence of the entities in the fluid is dealt with an iterative algorithm on an auxiliary field (composed of Lagrange multipliers) which permits to take into account the rigid motion constraint of the particles (see e.g. [22, 23] ). Alternative fictitious domain methods are based on penalty principles: the rigid motion constraint is handled in a relaxed way by adding a term to the variational formulation, which amounts to replace rigid zone by highly viscous ones (see [11, 31] ). Finally, using that rigid velocities are polynomials of degree 1, it is possible to take into account the rigid motion by combining the finite elements of the mesh that correspond to the rigid domain: this method is developed and studied in [46] .
Lattice Boltzmann methods are perhaps the most used procedures in the simulation of rigid or deformable entities in a Stokes flow. It is necessarily coupled with a specific algorithm dealing with the modeling and computation of the fluid-structure interactions such as the immersed boundary method or the boundary integral method (see [16, 53, 56] ).
A wide variety of alternate methods is available. Let us cite a few of them: a so-called "front-tracking" method 1 coupled to the immersed boundary method (for the interaction between the fluid and the deformable membrane of the red blood cell which is considered as a viscous drop.) is used in [2] . The Immersed Finite Element Method coupled to a meshfree method (Smoothed Particle Hydrodynamics) is used in [36] .
Due to computer capabilities and blow up of the complexity with the number of entities, they are restricted to a limited number of bodies, say a few thousands for three-dimensional simulations. Besides, although theory asserts that no collision between immerged smooth bodies can occur (see [27, 28] ), the possibility of very small interparticle distances or even numerical overlapping calls for a special treatment of close range interaction phenomena. Finally, some of those methods can be adapted to the case of deformable bodies, but a straight discretization of the corresponding fluid-structure interaction problem reduces the scope of this approach to a few entities.
In an attempt to address these limitations of direct methods, the approach we propose here, which is inbetween direct simulations and heuristic strategies, is designed to handle the motion of many-body suspensions of rigid or deformable entities, in situations where close range interaction forces (including contact forces) are likely to play a significant role.
Organization of the paper
The so-called "Stokesian Dynamics" method has been introduced by Brady & Bossis [7, 8] and used primarily for non-equilibrium suspensions. It is based on the determination of both hydrodynamic interactions between the entities inside the fluid and the microstrucure of the suspension. Computational efficiency of the method is directly related to a pairwise assumption of the interactions: although not justified, this assumption leads to reasonable computational costs and does not alter the solution, as the Stokesian Dynamics has been proven to provide excellent agreement with experiments.
In this framework, let us point out some of the key features of our contribution with respect to the Stokesian Dynamics: the solution technique, as proposed by Brady & Bossis, takes into account lubrication forces that do not allow contacts between the small entities. Nevertheless, from a numerical point of view, discretization in time may lead to possible contacts (and overlapping) between the bodies. We propose a numerical method (see Section 2) that guarantees no-overlapping: at each time step, the computation of the velocity is based upon 1) the evaluation of a so-called predicted velocity (due the dynamics) and 2) a projection procedure onto a set of admissible velocities that guarantees the no-overlapping situation. In some sense, this procedure selects the admissible velocity which is the closest one from the predicted velocity. This paper is organized as follows:
• In Section 2, we present an algorithm which allows us to handle with contacts between rigid spheres (no fluid is considered at this stage). Then, we present how it is possible to define macro-objects that are built from a given number of elementary rigid spheres, by defining suitable interaction forces between them. This leads to a deformable macro-object (e.g. a red blood cell, a polymer-like chain etc.).
• In Section 3, we describe the behaviour of a macro-object in a bulk fluid. Considering a macro-object immersed in a bulk fluid, the hydrodynamic force exerted on the macro-object is estimated, based on Faxen law. In return, the determination of the hydrodynamic force leads to the determination of the velocity of the macro-object. Let us point out that although the use of Faxen law is not rigorously justified when applied to a collection of rigid spheres (at contact or near-contact), this procedure allows us to capture some typical behaviour of a red blood cell in a shear flow. As a challenging problem, we present the simulation of dense suspensions based on the use of this very dilute assumption (Faxen law); again, although not valid, the use of Faxen law can be viewed as the main order (neglecting the multibody interactions which become the leading ones in the case of dense suspensions) of the behaviour of the suspension and this problem reveals a challenging problem for our approach.
• In Section 4, we briefly present the Stokesian Dynamics, designed to simulate concentrated suspensions.
We present a numerical procedure, based on the decomposition of the different regimes (large-field interactions, intermediate interaction, short-range or lubrication interactions). Let us point out that when dealing with dense suspensions, lubrication forces become predominant: this highlights the interest of the contact / no-overlapping algorithm presented in Section 2. We finally present a numerical simulation of red blood cells in a flow at rest and illustrate the influence of the lubrication forces on the distribution of the macro-objects.
A numerical tool for an efficient handling of contacts between objects
In this section, we briefly present a numerical program called SCoPI ("Simulation of Collections of Particles in Interaction"). In particular we first present an algorithm which allows us to handle with contacts between rigid spheres. Then we present how it is possible to create macro-objects of (nearly) any shape (based on the structured association of rigid spheres), contacts being still handled by the numerical procedure. Notice that, at this point, SCoPI is a "granular-oriented" program in the sense that the macro-objects are not immerged in a fluid. The fluid-structure interaction will be discussed in the next section but is important to understand the general idea and main interest of the program.
Contacts between rigid spheres: an algorithm
Consider N rigid spheres (mass m i , radius a i ). They obey the following equation:
where M = diag(m i I 3×3 ) is the mass matrix, U the velocity of the N spheres, F ext the external force exerted on the spheres. We aim at investigating the motion of the spheres, thus characterized by the position vector q (or the velocity vector U)
where q i is a three-component vector describing the space position of sphere i.
We aim at simulating the behaviour of a large number of spheres. From both theoretical and numerical points of view, the spheres should not overlap; this nonlinear phenomenon introduces some constraint on the way to solve the problem. It can be overcome by using a projection of the velocities onto a set of admissible velocities and penalty method (see [40] ). From a numerical point of view, the simplest idea for the dynamic simulation of such a system consists in defining a time step h (assumed to be constant for the sake of simplicity) and the explicit Euler procedure:
where U n (resp. q n ) denotes the velocity (resp. position) of the particles at time t n = nh. In a similar way, F n ext denotes the external forces exerted on the particles at time t n . This procedure is not valid as it is highly possible that particles overlap at time t n+1 even if they do not overlap at time t n . Thus we have to treat in a specific way the contact between particles. For this reason we define the set
denotes the signed distance between two particles i and j and
is the gradient of the distance. Our purpose is to solve the dynamics problem by constraining the velocity field of the particles to belong to the set of admissible velocity fields, at each time step, in order to prevent the particles from overlapping.
∀i < j the set of velocity fields V such that particles, at position q n at time t n and with velocity V, do not overlap at the next time step. The constraint
It means in particular that particles with admissible velocities at time t n do not overlap at time t n+1 .
In order to solve the no-overlapping problem, the following splitting procedure is proposed: at a first step, we first use the Euler scheme without taking into account the possible overlapping of the particles and, at a second step, we use a projection method in order to satisfy the no-overlapping condition. Thus the algorithm reads:
The interest of the procedure relies in the possibility to use any suitable solver for the computation of the dynamics. Contacts are handled at a second stage, without any consideration of the proper dynamics. At some point, it allows the use of any solver for the resolution of the dynamics problem: then the so-called predicted velocity field is projected onto the set of admissible velocity fields. The numerical treatment of the constraint is based on an equivalent formulation of the minimization problem, as it is is treated as a saddle-point problem, by using the introduction of Lagrange multipliers:
Notice that the number of Lagrange multipliers corresponds to the number of possible contacts. In particular, if there is no contact between particles i and j, then λ ij = 0 and the Lagrange multiplier is not activated; conversely, if there is a contact between the two spheres, then λ ij may be positive and the corresponding auxiliary field allows the velocity field to satisfy the no-overlapping constraint. The approximate reaction fields
is the dual component of a solution to the associated saddle-point problem. Note that U n+1 and Λ n+1 are related by
This problem is solved by an Uzawa algorithm (see, e.g., Ciarlet [13] ).
Definition of macro-objects
SCoPI is a program which is based on the handling of contacts between spheres only. The way to handle with macro-objects of any form relies on the possibility to describe the considered macro-object as a collection of a given number of spheres. The way to define macro-objects can be summarized in the following list:
• each macro-body is made of a fixed number of rigid spheres;
• the shape of the RBC is obtained by defining two-/ three-body interactions between the spheres: the so-called "cohesion" forces (C α , C β and C γ are constant parameters): − interaction between two spheres i and i + 1:
− interaction between three spheres i − 1, i and i + 1:
,
• a "fake" overlapping of the spheres belonging to a macro-object is possible;
• an imposed contact with a specified distance between two spheres is also available.
The stability and (small) deformation of the macro-object are obtained by the definition of internal forces between the spheres belonging to each macro-object. From a programming point of view, each sphere of a macro-object is submitted to at least cohesion forces (which guarantees the stability of the macro-object) and possibly other forces modelling the external forces exerted on the macro-objects 2 .
The definition of a class of macro-objects takes advantage of all the functionalities of SCoPI. Indeed the implementation of macro-objects only relies on the definition of a new class of objects. Moreover, the handling of contacts between macro-objects does not need further implementation: contacts between macro-objects are taken into account by SCoPI in a classical way, as the distance between two spheres belonging to two distinct macro-objects is equal to 0.
We also introduce some "fake" overlapping of the spheres belonging to the same macro-object. The optional overlapping of spheres inside a macro-object introduces some facilities in the shape definition of the macroobject without breaking the handling of contacts in SCoPI. More precisely, for each sphere (with radius R), we define an internal radius R int and an external (effective) radius R ext := R. In all the cases, the external radius corresponds to the effective sphere and the internal one is artificial in the following sense: on one hand, when considering spheres belonging to a macro-object, contact may be handled either by the internal sphere or the external sphere: in the first option, overlapping between external spheres (of the same macro-object) is possible, even if the handling of contacts, by SCoPI, is still active by means of the internal radii. On the other hand, when considering two spheres belonging to different macro-objects, then contact is always handled by the Figure 1 . A red blood cell made of 11 rigid spheres with fake overlapping defined by: a twobody force between the center sphere and an annular sphere (on the left), a two-body force between annular spheres (in the middle), a three-body force between annular spheres (on the right). external spheres. Let us notice that it is very easy to avoid optional overlapping of the external spheres inside a macro-object, by defining the external and internal radii as being equal.
Let us describe the definition of two macro-objects we have focused on:
− Red blood cell (RBC). Each red blood cell (see Fig. 1 ) is made of 11 spheres (one center sphere and ten annular spheres) organized in a particular way: the center sphere is numbered as 0 and the annular spheres are numbered from 1 to 10. All the annular spheres are defined by the external radius R (corresponding to the effective sphere) and an internal radius 0.45R so that overlapping between the annular spheres is possible in the sense that has been precised before. The center sphere is defined by one single (internal and external) radius equal to 0.45R. The center sphere cannot overlap with the annular spheres (i.e. it means that contacts between the center sphere and the annular spheres are handled by means of the external radii). In the same way, any sphere of a RBC cannot overlap with a sphere belonging to another RBC. Finally the shape and stability of the RBC are guaranteed by the definition of i) two-body forces between the center sphere and the annular spheres, ii) two-body forces between annular spheres considered as neighbours, iii) three-body forces between each annular sphere and its two neighbours. Notice that each annular sphere has two neighbours, which is defined by the cyclic permutation 1 ↔ 2 ↔ 3 ↔ 4 ↔ 5 10 ↔ 9 ↔ 8 ↔ 7 ↔ 6 − Polymer chain. A polymer chain (see Fig. 2 ) is made of 20 identical spheres (numbered from 0 to 19) defined by the external radius R (corresponding to the effective sphere) and the internal radius 0.6R so that overlapping between the spheres is possible. The shape of the chain is guaranteed by the definition of i) two-body imposed contacts between annular spheres considered as neighbours , ii) three-body forces between each sphere (from 1 to 18) and its two neighbours. Notice that each sphere has two neighbours, except spheres 0 and 19 which only have one single neighbour. This is summarized by the chain describing the neighbours:
In the numerical procedure, visualizing tools are used (in some optional way): SCoPI is coupled to VTK 3 , which allows us to control in real time the formation of the macro-object (e.g. a red blood cell or a polymer chain for the numerical illustrations) when starting from an unrealistic geometrical configuration to some fixed time at which the macro-object has formed and remains stable. Then, a post-processing visualizing procedure can also be used with POV-Ray 4 whose main effect is to smooth the contours of the objects (by introducing iso-surfaces of scalar fields, i.e. their surface is defined by the strength of the field in each point.): this produces more realistic pictures and still respects the contact distance between the macro-objects: Fig. 3 shows the post-processed pictures related to the VTK ones (only the angle and focus of the camera have been changed).
Once a macro-object has been defined (e.g. a red blood cell, a polymer chain, a vesicle...), the direct simulation of a suspension of such objects in a fluid needs further discussion: as mentioned before, a coupling procedure between a fluid solver and the structure solver (SCoPI) can be used. Guided by a cost reduction, we present in the next section a way to simulate the hydrodynamic effects on the red blood cells (for dilute or dense suspensions) without computing the fluid flow: this is the so-called Stokesian Dynamics method.
Dilute suspensions
In this section, we explain the numerical procedure for the simulation of a finite number of macro-objects (composed of rigid spheres) in a sheared Stokes flow. We aim at avoiding the computation of the fluid flow and, for this reason, the method is based on the determination of hydrodynamic interactions between the objects, due to the influence of the surrounding fluid.
Consider a rigid sphere (radius a, velocity U) in a Stokes flow (viscosity µ, velocity field v ∞ ). The velocity field of the fluid is described as if it is not perturbed by the inclusion of the particle; here, it is defined on the whole space. Faxen introduced a relation for a sphere velocity U to the drag force F H exerted on the sphere (see the Appendix for a brief justification). It reads:
where v ∞ (q) denotes evaluation of the function v ∞ to which it is affixed at the center of the sphere (position q of the sphere). In the case of a simple shear flow, the bulk macroscopic flow is governed by
and Faxen law reduces to
Noteworthily, this regime has been the subject of intensive studies related to the behaviour of biomimetic objects such as vesicles or red blood cells. In particular, depending on the intensity of the shear stress, the viscosity, the membrane elasticity and the geometry, the particle exhibits different motions: tumbling, tanktreading and swinging (periodic shape deformation and inclination oscillation while the membrane is rotating around the liquid inside). More precisely, by decreasing the shear-stress value, a bifurcation appears from steady tank-treading to pure tumbling. This phenomena is observed by Skotheim & Secomb [50] for red blood cells [43] use an approach -the advected field approach -akin to phase field, which is flexible and, unlike boundary integral formulation, allows to incorporate non Newtonian constitutive laws for the enclosed fluid as well as the ambient one; Sui, Low, Chew & Roy [51, 52] investigate the dynamic motion of three-dimensional capsules in a shear flow by direct numerical simulation, they also simulate the dynamic motion of red blood cells in simple shear flow under a broad range of shear rates; Faivre [21] focuses on the deformability and behavior under flow of drops, vesicles and red blood.
As emphasized in the above references, tank-treading motion and tumbling motion are commonly observed when experiencing the behaviour of biomimetic capsules. This is illustrated by pictures presented on Fig. 6 .
Although exact in the case of a single rigid sphere, the first Faxen law is not rigorous anymore in the case of a collection of rigid spheres. Indeed, Faxen law applied to each sphere supposes that the spheres do not interact, as if they were isolated in the fluid. In other words, it means that the fluid velocity is not perturbed by the collection of spheres and that multi-body hydrodynamic interactions are neglected. At short separations, neglecting the multi-body interactions inside the collections of spheres may be surprising, but in the case of a red blood cell which is described as a macro-object made of eleven spheres it can be analysed as a way to apply the first Faxen law to a non-spherical body. In particular, hydrodynamic interactions between the spheres of a given macro-object have no physical evidence, as the collection of spheres only serves for the definition of the macro-object.
Red blood cell in a shear flow
We simulate the motion of a red blood cell in a shear flow by assuming that Faxen law applies on each sphere of the macro-object. The Langevin equation is written as
where F H denotes the hydrodynamic forces and F P denotes the non-hydrodynamic forces exerted on the spheres (e.g. gravity, colloïdal forces,...). Using the first Faxen formula applied to each sphere, we express F H as a function of U and, use the Euler scheme for the Langevin equation with an implicit discretization of the hydrodynamic force. In this way, the predicted velocity field can be computed very easily before using the Uzawa procedure that handles contacts. Notice that since we use an implicit scheme for F H , we can deal with inertial and non-inertial regimes. This method is applied to a red blood cell evolving in a shear flow. The velocity field of the bulk fluid is given by v ∞ (x, y, z) = γ y e x .
with γ > 0 in our simulation (see Fig. 5 ). Although not fully justified (as Faxen law is applied to each sphere of the macro-object, which falls out of its range of validity), numerical results evidence some typical behaviour of a red blood cell, as described in [21] . It is numerically observed (see Fig. 7 ) that tumbling motion of a red blood cell is described at the beginning of the simulation; then a transition regime is observed before reaching a steady tank-treading motion (see Fig. 8 ).
Red blood cell aggregates in a shear flow
Here, the method is applied to simulate 500 red blood cells in a shear flow (see Fig. 9 ). For this numerical simulation the procedure follows several steps. At the beginning, the spheres are randomly dispersed in the domain and in a first time, the cohesion forces build the 500 red blood cells. Then, as the aggregation of human red blood cells is well-known (e.g. [25, 36] ), we use external forces (which only have an effect for two RBC very close) between the RBC in order to obtain the formation of rouleaux. The last step consists in immersing the aggregates in a shear flow.
In Fig. 9 , it is possible to follow the time evolution of one highlighted aggregate of 500 red blood cells and we observe the dispersion of this rouleau due to the shear flow effects. Again let us point out that Faxen law applied to each macro-object (in fact, it is even applied to each elementary cell of the macro-object) is not valid. Still it allows us to express some trend of the suspension, at least at a very low level. Note also that the spring-mass system approach (regarding the definition of the red blood cell) allows to mimic a certain deformability of red blood cells. This deformability is known to play a major role in the adhesion process between cells (see [12, 49] , or [54] for the case of Leukocyte adhesion on the endothelial membrane). Yet, this influence is strongly related to the actual contact area: a large compliance is likely to lead to a large contact area, which increases the efficiency of adhesion phenomena. Note also that this type of local defomability is not accounted for in our model (entities are globally deformable but, as they are made of rigid spheres, local flattening is prohibited). As a consequence, it will be necessary to include in the interaction model a pseudo-defomability variable which will account for this local surface compliance (i.e. tendency to local flattening), and therefore condition the adhesion efficiency, whithout representing this deformation in the actual geometric model.
Spheres and polymer chains in a Poiseuille flow
For the numerical simulations presented in this section, we first compute a Stokes flow in a channel with a bifurcation and then we let this flow lead spheres (see Fig. 10 ) or polymer chains (see Fig. 11 ). To obtain this Stokes flow, we have solved the Stokes equations in the channel (without the particles) with the following boundary conditions:
• no-slip boundary conditions for the top and bottom edges, • Poiseuille flow for the input boundary condition: U inflow (y) = 4y(2 − y) e x for y ∈ [0, 2] (x is the horizontal and y is the vertical).
• free outlet boundary conditions. Then, we simply use the obtained velocity field v ∞ as an explicit external force applied to all the spheres of the macro-objects: On Fig. 10 and Fig. 11 we can see the evolution of the spheres or of the polymer chains when we have added the external force F ext,Stokes . There are no other forces in these simulations and the mass of each sphere is equal to 1. In both cases, for the spheres and for the polymer chains, we can easily recognize the profile of the Poiseuille flow when the objects are transported in the channel.
Towards the simulation of dense suspensions
We end this paper by presenting some considerations on the possibility to integrate a more sophisticated description of the fluid motion to this approach. In the present paper, we shall restrict ourselves to a simple illustration of this approach: at the end of this section, we investigate how the integration of short-range (lubrication) forces is likely to affect significantly the motion of red blood cells in the plasma.
We assume that the particles evolve in a fluid with viscosity µ. Let us recall the equation of motion (with respect to the particles only):
where N is the total number of spheres to be considered. As before, F H denotes the hydrodynamic forces and F P denotes the non hydrodynamic forces. In the prospect of the simulation of dense suspensions, we have to define in a suitable way the hydrodynamic forces in order to mimic the influence of the fluid on the macro-objects. From a practical point of view, we use a result provided by Happel & Brenner [26] and Brenner & O'Neil [10] , which relates the hydrodynamic forces to the particles velocity. For this, we restrict ourselves to a specific framework which provides the validity of the forthcoming method:
• the particles are rigid, non-Brownian and spherical;
• the bulk macroscopic flow is a shear Stokes flow: the velocity fluid (without inclusions) is defined on the whole space by:
We introduce the rate-of-strain tensor E (symmetrized gradient of the velocity field) and the spin vector ω (half the vorticity vector):
so that the velocity field at some point x can be decomposed into v ∞ (x) = E · x + ω ∧ x. It means in particular that the flow is decomposed into a pure deformation flow and a pure rotation flow.
• the Reynolds particle number is small: Re P = γaρ/µ ≤ 1, where a denotes the value of a sphere radius. Then the relationship between velocities of the spheres located at position q and hydrodynamic forces exerted on them [10, 26] is given by
The interest of this formula relies on the fact that matrices R (the so-called "grand resistance matrix") and Φ (the so-called "grand shear resistance matrix") only depend on the instantaneous geometrical configuration: the definition of the matrices is only related to the separations of the spheres. In the same way, it is possible to define the so-called "grand mobility matrix" M = R −1 .
Assume that the grand matrices are known; then the SCoPI algorithm reduces to:
In the algorithm, the matrices R n and Φ n are evaluated at time t n , meaning that they depend on the geometrical configuration at time t n which is known; in this way, U n+1/2 is computed by solving a linear system and, after the projection of the velocity field on the set of admissible velocities, the position of the particles at time t n+1 is obtained. This last step allows us to define R n+1 and Φ n+1 before passing to the next time step. The procedure evidences the fact that, the matrices need to be computed at each time step as the geometrical configuration evolves in time.
Stokesian Dynamics method: the assumption of pairwise additivity of the interactions
Pairwise additivity of the interactions is assumed in order to reduce numerical costs and build the grand resistance matrix. This assumption can be taken into account in two different ways:
• the first method relies on the superposition of the velocity disturbances, i.e. the additivity in the building of the grand mobility matrix; • the second method relies on the superposition of forces, i.e. the additivity in the building of the grand resistance matrix.
Clearly, these two methods are not equivalent. Brady & Bossis [8] have shown that the superposition of forces suited more the proper physics as lubrication forces prevent particles from overlapping. These lubrication forces are not preserved when superposing the velocity disturbances so that particles may overlap unless additional repulsive forces (which lack physical evidence) are introduced. More precisely, the superposition of velocity disturbances can be considered as a strict pairwise additivity of the interactions in the sense that the interaction between two particles 1 and 2 is taken into account as if they were isolated from other particles in the fluid. This method leads to situations in which the relative velocity between two particles does not vanish as the distance tends to 0 so that overlapping is possible. Brady & Bossis have shown that the superposition of forces is quite different: when the resistance matrix is inverted to get the velocity field and evaluate the new positions, all the particles are considered simultaneously so that the multi-body effects are included in the search of the particles trajectories.
Stokesian Dynamics method: computation of the grand resistance matrix
The resolution of the N particles problem needs an approximation: the pairwise additivity assumption, which has been discussed in the previous subsection. For two particles, the resistance and mobility matrices are known exactly, for any separation between the particles. Thus, the pairwise additivity assumption allows building the grand resistance matrix by taking into account all the pairwise contributions.
How to build the grand resistance matrix from a practical point of view? Brady & Bossis use the fact that the lubrication effects are treated more easily in the resistance formulation (i.e. the superposition of forces is used) while the multi-body long-range interactions are incorporated in a more suitable way with the mobility formulation (i.e. the superposition of velocity disturbances is used).
Pairwise additivity, in any form, is an approximation which has been proven to be useful and efficient in numerical simulation of suspensions. Moreover, in dense suspensions, lubrication forces play a major role due to the high number of pairwise near-contact or contact configurations and they are correctly modelled by the superposition of forces. The multi-body long-range interactions obtained by far-range expressions are neglected when the distance between the macro-objects becomes small. In a dilute suspension, most of interactions are pairwise and, again, pairwise additivity is a fair approximation.
In the case of two spheres, all the elements of the resistance matrix are known exactly. This is due to the simplicity of the geometric configuration which only relies on a unique vector: the distance vector between the two particles. Although exact, there is no close analytic form of the expressions valid for any separation distance and one has to use expressions corresponding to different separation regimes.
• Far-field forces 5 are implemented in the mobility formulation by the method of reflections (see Smoluchowski [48] for the historical reference, Luke [38] for the numerical analysis, Guazzelli [24] for a concise description). The approximation is given by (see the Appendix for a brief justification):
• Lubrication forces (Jeffrey & Onishi [33] , Dance & Maxey [19] ) are expressed by using lubrication theory. The lubrication forces for two identical spheres with radius a are expressed as
for any tangential vector t ij orthogonal to e ij (normal vector from sphere i to sphere j).
• Intermediate-field forces (see Kim & Karrila [35] ) provide the continuous path between long-range interactions and short-range interactions. They are implemented as tabulations. Notice that the far-field expressions lead to the definition, by pairwise additivity, of a long-range mobility matrix M ∞ that has been built for any separation distance. In the same way, the lubrication expressions lead to the definition of a short-range resistance matrix R 2B . Then the grand resistance matrix is defined by gathering all these informations: once constructed, the grand mobility matrix is inverted to yield a far-field approximation; but this approximation to the resistance matrix would still lack lubrication. Thus, to each element of (M ∞ ) −1 , we add the known exact two-sphere resistance interactions modelled by the matrix R 2B . However, the far-field parts of the two-sphere resistance interactions have already been included upon the inversion of M ∞ . Thus, in order not to count these interactions twice, we must subtract off the two-body interactions already included in (M ∞ ) −1 : this can be done by inverting a two-sphere mobility matrix to the same level of approximation as in M ∞ . Denoting this resistance matrix as R ∞ 2B , our approximation to the grand resistance matrix that includes near-field lubrication and far-field many-body interactions is
The procedure may lead to heavy computational costs due to the inversion of the long-range mobility matrix. Let us illustrate the influence of the lubrication forces in a suspension of 30 red blood cells. For convenience, only the main order of the normal lubrication forces has been implemented: although this is a simplification, this makes sense in the absence of imposed shear stress (γ = 0). Additionally, long-range interactions are not taken into account. From a numerical point of view, the difficulties are still challenging as a linear system remains to solve due to the treatment of the lubrication resistance matrix. Fig. 12 and 13 capture the main effects of the lubrication forces on the distribution of the macro-objects. In particular, In the absence of lubrication, the distribution remains homogeneous, as the RBC evolve with contacts between the macro-objects. In the lubrication setting, when the distance between two RBC tends to vanish, so does the relative velocity: the lubrication forces play the role of a trap. 5 In the approximation of order 0, the solution for two particles at long distance is formed by the superposition of the fields produced by the particles considered as isolated. Thus, we neglect the hydrodynamic interactions between the particles (equivalently, we simply apply the Faxen law to each particle). Then, the method is based on the idea that the ambient field for each particle is made of an original ambient field to which we must add a perturbed field due the presence of the other particle. This method is iterative as a correction of the ambient field on a particle generates a new solution of perturbation for this particle and this, in return, modifies the ambient field related to the other particle. Figure 12 . Red blood cells submitted to no force at some fixed time. Figure 13 . Red blood cells submitted to lubrication forces at some fixed time.
Conclusion and future prospects
In this exploratory study, we have proposed a strategy for the numerical modeling of dilute and dense suspensions by using a numerical tool which is efficient in the handling of contacts between macro-objects. Although partial results are available, a large number of implementations need to be realized.
Far-field forces need to be treated in a more efficient way: because of the long-range nature of the interactions, the mobility matrix is not sparse. In dense suspensions, we can assume that macro-objects at large separations do not mainly interact due to a screening effect: the main interactions related to a macro-object are closely related to the main neighbours. In this prospect, a cut-off distance (Satoh, 2001 ) for the long-range interactions can be introduced: this allows us to neglect the far-range interactions between particles which are not dominant in the general behaviour of the suspension. From a numerical point of view, the introduction of a cut-off distance leads us to consider a sparse mobility matrix.
Intermediate-field forces should be implemented with the tabulations given by Kim & Karrilla [35] . This procedure allows us to provide a continuous implementation of the hydrodynamic forces between the long-range forces (determined by the method of reflections) and the short-range forces (obtained by lubrication theory).
Periodic boundary conditions remain one of the final goals of this study, as we aim at simulating the behaviour of dense suspensions in a viscometer. This would provide a numerical tool for the simulation of dense suspensions in a viscometer and it would apply to any suspension of macro-objects that fall into the scope of the Stokesian dynamics.
Nomenclature a i radius of rigid sphere i m i mass of rigid sphere i M mass matrix of a collection of rigid spheres q position vector of the rigid spheres U, V velocity vector of the rigid spheres F ext external force field exerted on the rigid spheres F H hydrodynamic force field exerted on the rigid spheres F P non-hydrodynamic force field exerted on the rigid spheres D ij (q) signed distance between spheres i and j. D ij (q n ) = |q i − q j | − a i − a j e ij normal vector from sphere i to sphere j, i.e. e ij = (q j − q i )/ |q j − q i | G ij (q) gradient between spheres i and j, i.e. G ij = (..., 0, −e ij , 0, ..., 0, e ij , 0, ...) h time step · n discretized quantity evaluated at time t n = nh K(q) set of admissible velocity fields E(q) set of velocity fields with no-overlapping at the next time step L functional associated to the saddle-point problem (constraint minimization problem) λ, Λ auxiliary field in the minimization problem (Lagrange multipliers) γ shear rate Re P particle Reynolds number v ∞ velocity field of the bulk fluid µ fluid viscosity ρ fluid density E rate-of-strain tensor (symmetrized gradient of the velocity field), i.e. E = 
div v = 0 in F,
The explicit solution of the above system is known:
p(x) = 3a 2 µ U · (x − q) |x − q| 3 .
Using this solution and (1), we deduce that
If we replace (5) by
then, (8) is transformed into
Faxen law with two spheres widely separated
Let us consider two balls (with radii a i , center positions q i , i = 1, 2). We denote F i (resp. U i ) the hydrodynamic force exerted on (resp. the velocity of) sphere i. To obtain the Faxen laws in that case we use the reflexion method (see for instance [10] , [35] ). More precisely, at a first step, we use only (8) , assuming each ball is "isolated": the corresponding velocities (also referred to as velocity at zeroth order) for each ball is given by
Then, at a second step, we use the velocities U 
where v S,j (x) = − 1 8πµ
Inserting the formula (10) in the Faxen law (9) for one sphere and neglecting the term in |q i − q j | −4 , we deduce
which could be written as
